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Abstract. We study the convergence of the Kahler-Ricci flow on a Fano man- 
ifold under some stabihty conditions. More precisely we assume that the first 
eingenvalue of the 9-operator acting on vector fields is uniformly bounded 
along the flow, and in addition the Mabuchi energy decays at most logarithmi- 
cally. We then give different situations in which the condition on the Mabuchi 
energy holds. 



1. Introduction 

Let X be a compact Kahler manifold of dimension n with ci (X) > and let us 
consider the Ricci flow introduced by Hamilton [8J defined by 

d_ 

5,5(0)Gci(X). 

Cao [3] showed that this flow exists for all time. When ci{X) = or ci{X) < 0, 
then Cao also showed, using Yau's estimates [22], that the analogous normalized 
flow converges to a Kahler- Einstein metric on X. When ci{X) > 0, ie. the manifold 
is Fano, then it is still an open problem to determine whether X admits a Kahler- 
Einstein metric. The central problem in the field is the following conjecture. 



Conjecture 1 (Yau-Tian-Donaldson Conjecture). A Fano manifold X admits a 
Kahler- Einstein metric if and only if it is K-polystahle. 

For more details see [H], [5] and also [T3] for a survey and many more references. 
If we try to use the Kahler-Ricci flow to find a Kahler-Einstein metric then in light 
of this conjecture the key problem is to relate K-polystability of X to convergence 
of the flow. This still seems out of reach at present, but many partial results have 
been obtained. One possibility is to assume that the Riemann curvature tensor 
remains uniformly bounded along the flow, for results in this direction see jl2| . 

[ini, US], I2D]. 

In this paper we study a different kind of assumption, which was introduced in 
[llj . The main assumption is that along the flow g[t) there is a uniform lower bound 
At ^ A > on the lowest positive eigenvalue At of the i9-operator acting on vector 
fields. The main result in [TT] is that if in addition we assume that the Mabuchi 
energy is bounded from below, then the flow converges to a Kahler-Einstein metric. 
Our main result is a weakening of the hypothesis on the Mabuchi energy. 

Theorem [3] Suppose that along the Kahler-Ricci flow we have a uniform lower 
bound Af ^ A > on the first eingenvalue, and in addition the Mabuchi energy 
satisfies 

(1) M{g{t))>-C\og{l + t)-D, 
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for some constants C, Z) > 0. Then the metrics g(t) converge exponentially fast in 
C°° to a Kdhler- Einstein metric. 

In fact the proof of the theorem shows that instead of ([T]) it is enough to assume 
(2) inf Y{t) = 0, 

where 

Y{t) = -j^M{g{t)). 

Since the Mabuchi energy is monotonically decreasing under the Kahler-Ricci flow, 
the assumption of the theorem clearly implies this weaker statement. We will prove 
this theorem in Section [3l The main novelty is the estimate in Lemma [5l 

The advantange of replacing the lower bound on M. by these weaker statements 
is that there are some other natural conditions under which they can be shown to 
hold. We give two such conditions. 

In Section m we show directly that on a K-semistable toric variety the condition 
(d]) of Theorem [3] holds. 

Theorem [6j Suppose that the Fano toric variety X is K-semistable. If g{t) are 
torus invariant metrics satisfying the Kahler-Ricci flow then 

M{g{t)) > -C\og{l+t)-D 

for some constants C, D > 0. 

While it is already known that K-semistable toric varieties admit Kahler-Einstein 
metrics (see [21]) and hence the Mabuchi energy is bounded below, this direct 
argument could be of independent interest. 
In Section [5] we show that if 

R{X) :— sup{t I there exists lu £ ci{X) such that Ric(u;) > tut} = 1, 

then the condition ^ holds. 

Theorem [3 Suppose that X is a Fano manifold which satisfies R{X) = 1. Then 
along the Kahler-Ricci flow g(t) on X , we have 

infy(g(i))=0. 

As a corollary we note 

Corollary [8l If X is a Fano manifold with R{X) — 1 then X is K-semistable. 

This is a strengthening of a result in |15J, where the second author conjectured that 
the condition R{X) = 1 is equivalent to K-semistability. 

Finally we note that if X is a degree n + 1 hypersurface in P"+i and n + 1 ^ 3, 
then the a-invariant of X, defined by Tian [18], satisfies (see [4]) 

a{X) ^ ^ 
n + 1 

This implies that RiX) = 1, since given any Kahler metric and < i < 1 we 
can find uj that satisfies 

Ric(cj) = tti) + (1 — i)wo, 
so in particular Ric(w) > to; (see [IB])- By the above results X is K-semistable 
and also the condition ^ holds. Note that it is not known whether the Mabuchi 
energy is bounded from below for such hypersurfaces. 
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2. Background 

In this section we recall some basic notation and results that we use. We consider 
the normalized Kahler-Ricci flow 

d_ 

df 

g,j{0) e ci(X). 

Here R^j is the Ricci curvature and u{t) is the Ricci potential of the metric g(t), 
which we normalize so that 

1 /■ ^ . 

e cu 

Ix 



V 

Here 



V= a;". 
J X 

A fundamental result of Perelman [S] (see [2] for a detailed exposition) is that 
there exists a constant Cq depending only on g(0) such that 

(3) \\u\\co + ||Vu||co + ||Aw||co s; Co 

along the flow. We also need to recall the following Lemma from 

Lemma 2. We have the following two results along the Kahler-Ricci flow. 

• There exists (5, if > depending on the dimension n with the following 
property. For any e with < e ^ S and any to ^ 0, if 

\Hto)\\co^e, 

then 

\\Vu{to + 2)\\co + \\R{to + 2) - n||co < Ke. 

• There exists C > depending on g(0) such that 

hii^r s=:ciivuiu.|ivj.ir^o, 

Proof. The first part is Lemma I from 11]. The second part also follows directly 
from Lemma 3 in [llj . There it is shown that 

\\u-b\\^t' ^C\\Vu\\l4Vu\\Io, 

where b is the average 

and also |6| ^ ||?^ — 6||co. But then 

\\u\\co s$ \\u-b\\co + \b\ ^2\\u~b\\co, 
so our statement follows. □ 



We define the Mabuchi functional M so that M{g{0)) = and 
d 

di" 



(4) ^M(g{t)) = - I u{R-n)uj'' ^ - I jVupc^", 



X 
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where R is the scalar curvature of the metric g{t). In particular M. is monotonically 
decreasing under the flow. We define 



Y{t) = / iViiptj'^ 



I V u ' ' 

The key to proving convergence of the Kahler-Ricci flow is showing exponential 
decay of Y{t) (see [H]). For this the basic inequality proved in [12J is 



(5) 



1 f> 

-Y [t) sc: - 2\tY {t) - 2\tFut {iTt (V^u)) - |Vu|' (i? - n) 
Jx 



where Fut {tti (V-'m)) is the Futaki invariant, applied to the orthogonal projection 
TTj (V-'u) of the vector field V^u on the space of holomorphic vector fields. 

3. The main argument 

Our goal is to prove the following result. 

Theorem 3. Assume that the lowest positive eigenvalue of the Laplacian — g^'^VjV^ 
acting on T^'" vector fields has a positive lower bound and that the Mabuchi energy 
along the Kahler-Ricci flow satisfies 

M{g{t))>-C\og{l + t)-D, 

for some constants C,D > 0. Then the metrics g.^j converge exponentially fast in 
C°° to a Kdhler- Einstein metric. 

Before proving the theorem we need two Lemmas. 

Lemma 4. If mit^f)Y{t) = 0, then the Futaki invariant of X vanishes. 

Proof. Using the second part of Lemma [2] we have 

\\ur+^ (t) ^ C\\Wuh. it) llVullJo (t) ^ C,Y{t)^/^ 

where we have also used Perelman's estimate It follows that inft^g ll'^'llco — 0- 
Then the first part of Lemma [5] implies that 

inf \\R-n\\co = 0. 

Thus the manifold has to be K-semistable by Donaldson's lower bound [7]. In 
particular the Futaki invariant of X vanishes. □ 

Lemma 5. On any Kdhler manifold X such that 

^ij 9ij 

we have the following estimate 

[ uf^V^uV'^u s; 5(||Vw||^o + ||Aw||co) / |Vm|^ 
Jx Jx 



Proof. We have 
(6) 



X 



X 
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We now denote 



Integration by parts yields: 



/ \uf,\^\Vu\\ 

X 



I 



X 



(7) 



= - u 
Ix 



UfkUk] |Vm|^ 



UjkjUk \Vu\ 



+ 



The first term above is, using the Ricci identities, 



{Au)k Uk |Vu|' 

< / {Auf\Wu\^+ [ {Au)uk(\Wu\^)_ 
Jx Jx \ /I 



ii\\Au\\loJ \^uf+J |Aii||Vw| v(|V 



< ||Au||^o / |Vu 



X 



< 7;\\M\lo / \yu 



1 

+ 2 

,2 , 1 



{Auy |Vu 



u\ 

2 , 1 



X 



X 



V |Vu| 



X 



X 



V 



(iv^l^) 



The second term can be estimated as fohows: 



J J X 



X 



X 



V (|Vu 



X 



(iv^l^) 



Using these estimates in ([7|) it follows that 



(8) /^3||Au 
We now denote 



\c° 



\Vu\ 



X 



X 



V (|Vm 



J 



v[\Vu\') 

= - f |Vu|'A|Vm|- 
Jx 



According to the Bochner formula. 



Notice that 



A |V-it| 2(Vu, V (Au)) + Rfju^uj + \u,-j 



^ —UfjU^Uj 



^ — Mi 



|2 1 |V7 |4 
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where the last inequahty follows from 



2 1 A 

^ \u,-A + ivur. 



This proves that 



A I Vu|^ > 2(Vu, V (Au)) - i | Vul"* , 



We use this to estimate J from above: 
J = - I iVul^AlVwl^ 



X 

2 



(9) . ^ 

< -2 / (Vu, V(Au)) |Vu|V - / iVul'^lV 

Let us study the first term in We have 

-2 J (Vu,V {Au))\Vu\^ = 2 J {Auf\Vuf + 2 J (Au) (vu,V (\Vu\ 

^2\\Au\\loJ \\/u\^ + 2j |Au||Vu| v(|Vu|^) 



X JX 

^2\\Au\\l,o f \\/uf + 2f \Auf\\/uf + l 



X JX ^ J X 



1 



X 



2 



Plugging this into ^ we get 

J 8||A^.||^o ^ iVul' + i||Vu||^„ ^ |Vu| 
We plug this into ([5]) and obtain 



2 



(l9||Au||^o + ||Vu||^o) / |Vu|' 

J X 



I X 

Using this in ^ we obtain the result. □ 

We can now prove the theorem. 
Proof of Theorem O Note first of all that our hypothesis implies that 

(10) infrm^o. 

For if Y{t) > e > for all t then by Equation g]) 

M{g[t)) < ~et, 

which contradicts our assumption. 

Our goal is to prove that Y (t) has exponential decay, since then the exponential 
convergence of the Kahler-Ricci flow follows like in [11] . In the Inequality (O we use 
our hypothesis that At ^ A > and that the Futaki invariant vanishes by Lemma 
m We obtain 

(11) jY it) ^ -2\Y (t) - £ \\/uf (R-n)Lo--J^ W^uV'^u {Rf^ - gf^) . 
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Now using Lemma [5] and the fact that R — n = — Au we get 

(12) it) ^ -2XY it) + 6 {\\Au\\co (t) + \\Wu\\lo (t)) Y {t) . 



We remark that formula (|12p can be used as a substitute for the differential- 
difference inequality (5.5) in [llj. 

We are now ready to finish the proof of the Theorem. Fix Eq > small to be 
determined later. There must exist a point Iq > such that 

Y{to) SC £0 

because of (ITOl). It follows from (fT2l) and Perelman's estimates on Vu and Au that 



for some constant C > 0. Hence Y has at most exponential growth and it follows 
that 

Y{to + 2)^Y{to)e^^ ^eoe^^. 

Consequently, if we set 

ei = 2eoe^^, 

then for t E [to , + 2] we have 

(13) Y{t)^^e,. 

Assume that there exists a time to < t < oo for which Y (t) > ei. Then let 

ti = inf{t \t> to, and Y{t) = ei} 

be the first time after to such that Y (ti) — ei. By we have ti > to + "2 and so 
by the definition of ti we have Y {ti — 2) < ei. By the second part of Lemma [2] 

liulico it,-2)^CeY'^-+'\ 

Moreover if ei is sufficiently small, the first part of Lemma [2] gives that 

IIAulIco iti) + \\Vu\\lo {ti)^C'eY''^^+'\ 

Denote 



then (fT^ implies that 



) (ti) < -2XY{ti) + eY it,) 



^dt 

Choose So small enough so that e < A. Then we have 
d 



^Yj iti)^~XY (ti) = -A£i<0, 

which shows that Y is decreasing in a neighborhood of ti , and contradicts the choice 
of ti. The contradiction came from our assumption that there exists finite t such 
that Y (<) > £i. Therefore, for all t > to we must have 

Y{t)^ei. 

Then as above for any t ^ to + 2 we have 

±Y)it)^-XYit). 
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This shows that Y (t) is exponentially decreasing and therefore by the argument 
in [11] we get the exponential convergence of the Kahler-Ricci flow to a Kahler- 
Einstein metric. □ 



4. The case of toric varieties 
In this section we prove the following. 

Theorem 6. Suppose that the Fano toric variety X is K-semistable. If g{t) are 
torus invariant metrics satisfying the Kahler-Ricci flow then 

M{g{t)) > ~C\og{l + t)-D 

for some constants C, D > 0. 

In fact if X is K-semistable, then its Futaki invariant must vanish, so by Wang- 
Zhu [21] X admits a Kahler-Einstein metric. Then Bando-Mabuchi j2] implies 
that the Mabuchi energy is bounded below. So a stronger result follows easily 
from known results, but the interest lies in our more direct proof which uses K- 
semistability explicitly. The proof follows the argument in 17J for the Calabi flow 
where also more details can be found. 

Proof. Suppose that the torus invariant metrics g{t) satisfy the Kahler-Ricci flow. 
On the dense complex torus (C*)" C X we have g{t) = idd4>{t) for some torus 
invariant functions (f>{t) . We can therefore think of them as functions on Euclidean 
space: 

<P{t) : R" ^ R. 
These Kahler potentials (j){t) satisfy 

d 

— <^(i) =logdet(<^y )-f 0, 

where u is the Ricci potential as before. For each t the symplectic potential f{t) is 
the Legendre transform of (t>(t). Then f{t) is a convex function on a polytope P, 
satisfying the Guillemin boundary conditions (for more details see [B]). We have 

Q-J = -L{f) - logdet(/y) + / - X • V/, 

where x is the Euclidean coordinate on the polytope P and the function L{f) is 
just the Ricci potential expressed in the x coordinates. Let g be a flxed symplectic 
potential, and deflne the functional 

T{f) = -J^ logdet(5^Vfe,) c«M + ^ g^'h dfi. 

Then 

j^Hf) = f'Lifh df^-J^ 9''L{f),, dfi = J^if'^ - g''W),j d„. 
When integrating by parts the boundary terms vanish, so 

j^Hf) = [if'),, - id'').,] Hf) = jmg) - R{f))L{f) dfi, 
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where R{f),R{g) are the scalar curvatures of the metrics determined by f,g. By 
Perelman's estimates R{f) and the Ricci potential L{f) (normalized by adding a 
constant) are uniformly bounded along the flow, so we obtain 

ie. 

(14) T{f{t)) <Cit + C2 

for some constants Ci , C2 . 

Applying the inequality log a; < x/2 to each eigenvalue, we obtain logdet(Af) ^ 
iTr(Af) for any positive definite matrix M. Applying this to the defining formula 
of we get 

(15) Hf)^\j^9''kdp^. 

The AM-GM inequality implies that 

-logdet(5'Vfej) > -nlog(5'V.j) 
so using the convexity of — log we get 

-j \ogdet{g''' fkj) dfi ^ -n J log{g'^ f,j) dfi 
^^^^ > -Calog y" g'^Uidy^-C^. 

^ -C5l0g(l + t)-C6, 

where in the last line we have used and 

In terms of symplectic potentials the Mabuchi energy is given by 

M{f) = - / logdet(/.y)d^+ / fda~n / f dfi, 

Jp JdP Jp 

moreover if the manifold is K-semistable then 

fda-n I fdn^Q 
dP Jp 

for all convex functions / (see Donaldson 6]). Therefore we have 

Mif) ^ - ^logdet(5^'=/fe,) dfi ~ j^\ogdet{g,j) dfi ^ -C'log(l + t)-D 



using (1161) . This completes the proof. □ 

5. The case when R{X) = 1 
For a Fano manifold X we define 

R{X) = sup{t I there exists a metric oj G ci{X) such that Ric(tj) > tuj}. 
We show the following. 

Theorem 7. Suppose that X is a Fano manifold which satisfies R{X) — 1. Then 
along the Kdhler-Ricci flow g{t) on X , we have 

infy(g(i))=0. 
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Proof. We argue by contradiction. Suppose that 

MY(g{t)) = e > 0. 

Since ■^M{g{t)) = -Y{g(t)), we then have 

(17) M{g{t)) < -et + C 

for some constant C. Fix a base metric ojq G ci{X), and define the ^7 functional 
by J{(-Oq) — and 

—J{ljs)^ J (/),(A^^,wo - n) w^, 

where tj^ = cjo + idd(j)s is a path of metrics. Using the path LOg = loq + sidd(j) we 
get 

J(wo + idd4>) = / / 0(A„,wo - n) ds 

JO 

— ujs) A oj"^"^ ds 



/ (j){~sidd(ji) A (swi + (1 - s)wo)""^ 

J X 

C 1 0(-i9a</.) A^ ('""^')s'=+i(i-s)"-i-v A^r'-'ds 



fc=0 

n-1 



n-1 



n - 1\ 1 



iddch] A > . . 1 A 



n+ 1 VA: + 1 



M A , ,n~l — k 



'1 " ^0 



n IL J. 

/ ^H9a0)A^^. 

J X n 4- 1 



ri-1 



n 



^-TT <l>{ojQ~uJi) aJ^uj'I Auj^-^- 



n 



n+1 

This is the well-known inequaUty / — J ^ TTTT-^ ^^"^ Uterature in terms of Aubin's 
/, J functionals (see 1 ). 

The point is that along the Kahler-Ricci flow g{t) we have \ip\ < Ci for some 
constant Ci by Perelman's estimates, so it follows that 

10(01 < Cit + C2. 

It follows that 

J{g{t)) < Cit + C2 
for some different constants Ci,C2- But then using (|17p 

M{g{t)) + ^^J{g{t))<-'-t + C\ 

and in particular the functional M + 2^ J is not bounded from below on ci{X). 
It follows then using the work of Chcn-Tian [5] (see [15]) that 
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which is a contradiction. □ 
FinaUy we note 

Corollary 8. If X is a Fano manifold with R{X) — 1 then X is K-semistable. 
Proof. This follows from the previous theorem and the proof of Lemma ID □ 
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